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Abstract.   Minimal invariant functions of the space-time Wiener process

are obtained.

1. Introduction. Robbins and Siegmund [9] obtained an integral representa-

tion of any nonnegative invariant function of the space-time Wiener process as

r00     /      x2r\
h(x,t) = J     expi Xx —y )Ádty

for some measure p on (-co, co). These functions are also the nonnegative c00-

solutions of dh/dt + |(82A/3.x2) = 0, (x,t) E (-co, co) X (0, co) such that

limt_,0h(x, t) = h(x,0) exists as a function, cf. Lai [6], McKean [7]. However,

such a representation also falls into general considerations in Martin bounda-

ry theory, cf. Meyer [8]. It is the purpose of this paper to establish by

elementary methods that the functions exp(Xx - X2f/2) are minimal invariant

functions of the space-time Wiener process and later on to establish the above

representation by Martin boundary theory. On the other hand, Doob, Snell

and Williamson [4] constructed minimal invariant functions of random walks

on the JV-dimensional lattice. Our result will offer an example in the contin-

uous time case.

2. Definitions and main results. We shall follow Dynkin [5] in the definition

and notation of a Markov process. Let X' = (x),%},®SL\,PX\) be a Wiener

process on the real line R with almost all sample functions continuous. Let

X = (xt, £ , 911,, Pxi ) be the process of uniform motion to the right on [0, oo)

with transition function P(t,x2,T) = Xt-C*2 + 0 (*2 G [P,oo)). Xx and X2

are Markov processes and their joint process X = (XX,X2) = (*,,£, 911,, ¿J) is

a Markov process on R X [0, co) with transition function P(t,x,A) generated
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by assignments on measurable rectangles of $(31) x <35([0, cc)) given by

i *y

P(t,(xx,x2),Tx T) = Xt(x2 + t)fT -¿- exp(-(-V~2fX) )dy

where we write (x!,x2) for x. This joint process X we shall call the space-time

Wiener process. It is a Markov process with almost all sample functions

continuous. For convenience we denote the state space (R X [0, oo), $(&)

X $([0, oo))) of X by (E,9>) and any point in E by (x, u). A nonnegative

measurable function h on (E, 9>) is said to be invariant (for X) if

Pth = h   for all t > 0

where

/}A(x, «) = Je P(t,(x,u),d(y,v))h(y,v)       ((x, u) E E).

An invariant function h is said to be minimal if for any other invariant

function g such that 0 < g < h we have g = ch for some constant c. The

main theorems obtained in this paper are the following:

Theorem 1. Let h be a nonnegative measurable function on (E,9>) which

satisfies h(0,0) = 1. Then h is a minimal invariant function if and only if the

following two conditions are satisfied:

(a)/J/z(0,0) = 1 for all t > 0,
(b) h[(x,u) + (y,v)] = h(x,u)h(y,v) for all (x,u), (y,v) E E.

Theorem 2. The minimal invariant functions h for the space-time Wiener

process which satisfy h(0,0) = 1 are exp(ax — a u/2) ((x,u) E E) where a

runs through (— oo, oo).

The rest of the paper will be devoted to proofs of the above theorems.

3. Proof of Theorem 1. We first prove the necessity part of Theorem 1. We
shall denote by p(t, x, V) the transition function of the Wiener process on the

real line R.

Lemma 1. If h is a nonnegative measurable function on (E,<$>), then for any

t>0,

(a) Pth(x,u) = jRp(t,x,dy)h(y,u + t)       ((x,u) E E),

and

(b) Pth(x + y,u + v) = fE P(t,(x,u),d(z,w))h[(z,w) + (y,v)]

((x,u),(y,v) E E).
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Proof.

(a) Pth(x,u) = fE P(t,(x,u),d(y,v))h(y,v)

= fRx[u+i} P(t, (x, u), d(y, v))h(y, v)

= jRp(t,x,dy)h(y,u + t).

(b) Pth(x + y,u + v) = fE P(t,(x + y,u + v),d(z,w))h(z,w)

= i p(t,x + y,dz)h(z, u + v + t)
<* R

= I   p(t,x,dz)h(y + z,u + v + t)
J R

= fE P(t,(x,u),d(z,w))h(y + z,v + w)

= f P(t,(x,u),d(z,w))h[(z,w) + (y,v)].   Q.E.D.
JE

Lemma 2. // h is an invariant function, h(0,0) — 1, then h is ^positive

everywhere and for each u > 0, h(x, u) is finite and is a continuous function in x.

Proof, (a) Suppose h(x0,u0) = 0 for some (x0,w0) E E. By the invariant

property we have for any t > 0, h(y, uQ + t) = 0 for almost every y on R,

which by the invariant property again implies h(0,0) = 0, a contradiction.

(b) Let u > 0 be arbitrarily fixed. For any / > 0,

h(x, u) = j   p(t, x, dy)h(y, u + t)

xV2¿T7)exp(-^Tl))',U" + ')*

I , f^+T -J «y2 - 2(» + (m + (» + ')"2\
~ h V    i    e*P\ 2/(« + /) )
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Since

f    /   /      x expf-rv^—;)h(y,u + t)dy = A(0,0) = 1

and u > 0, h(x, u) is finite for all x G R, and by the dominated convergence

theorem we have lim^^^ h(x,u) = A(x0,i<).   Q.E.D.

Lemma 3. Let h be an invariant function, A(0,0) = 1. Let (y0,v0) E E, v0

> 0, be arbitrarily fixed. Let U„ = {(y,v) E E: \y —yQ\ < l/n}andpv be the

measure on (E, <$) such that

pVo(A) = jA P(v0, (0,0), d(y, v))h(y, v)       (A E ®).

Then

(a)0<ftl/o((7n)<oo(« = l,2,...),

(b) the functions

u r     \      f  h[(x>u) + (y>v)]     ut     \\h"ix'u)z=k—KÏ7)—N.(rf(*,'))

are invariant, and

(c) 0 < hn < A.

Proof, (a)

V-H^n) = SUn P(v0,(0,0),d(y,v))h(y,v)

= L-yn,y^nAV^dy)h{y^

^ L-yn^yn)^^-^^^

Since by Lemma 2, h(y, v0) is positive and continuous in y, the result follows.

(b) and (c) follow from Lemma 1(b).   Q.E.D.

To prove the necessity part of Theorem 1 we assume that A is a minimal

invariant function on (E,%) with A(0,0) = 1. We shall show that (a) and (b)

of Theorem 1 are satisfied.

For (a), iJA(0,0) = A(0,0) = 1 for all t > 0.
For (b), let (y0,v0) E E, v0 > 0, be arbitrarily fixed and let Un, pv and

hn(x,u) be as defined in Lemma 3. By the same lemma the functions hn are

invariant and satisfy 0 < A„ < A. By the minimality of A we have hn = cnh

for some constants cn. cn = A„(0,0) = pv (Un) because A(0,0) = 1. Thus
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1      f h[(x,u) + (y,v)]

h[(x,u) + (y,v0)]

yrnJ,r.

U       \ L_     f   nl(x,u) + (y*»)]       f ./        xx

1       f  ¡i(x,u) + (y,v0)]

= rUÜjk h(y,v0)        N^*"»

The continuity of A(.y,t/0) in y implies that as n -» oo, the right-hand side of

the above equation tends to h[(x,u) + (yQ,vQ)]/h(yQ,v0). The left-hand side

being independent of n, we have

h(x,u) = h[(x,u) + (y0,v0)]/h(y0,v0).

Since (y0,vQ) G &IS arbitrary, subject only to the condition vQ > 0,

h[(x,u) + (y,v)] = h(x,u)h(y,v)

holds for all (x, u), (y, v) £ E such that not both u and v are zero. If

m = v = 0, then for any r > 0,

h((x,0) + (y,0)) = h(x +y,0) = Pth(x + y,0)

= fE P(t, (x, 0), d(z, w))h[(z, w) + (y, 0)]

= fR p(t, x, dz)h[(z, t) + (y, 0)] = fR p(t, x, dz)h(z, t)h(y, 0)

= [ fE P(t, (x, 0), d(z, w))h(z, w)] h(y, 0)

= h(x,0)h(y,0).

Thus the necessity part of Theorem 1 is proved.

Next we prove the sufficiency part of Theorem 1. Throughout the rest of this

section we shall assume that A is a nonnegative measurable function on (E, %)

such that h(0,0) = 1 and conditions (a) and (b) of Theorem 1 are satisfied.

We shall show that A is a minimal invariant function.

Lemma 4. h is an invariant function, finite and positive everywhere on E.

Proof, (a) For any t > 0, by Lemma 1,

Pth(x,u) = Pth(0 + x,0 + u)

= fE P(t, (0,0), d(z, w))h[(z, w) + (x, «)]

= Je P(t, (0,0), d(z, w))h(z, w)h(x, u)

= [Pth(0,0)]h(x,u) = h(x,u).
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(b) From Lemma 2 and above we see that h(x, u) is finite and positive for

all (x, u) E E such that u > 0. If u > 0, then for any v > 0,

h(x,0)h(0,v) = h(x + 0,0 + v) = A(x,i/)

for any x. Since h(x,v) and A(0,i>) are finite and positive, h(x,0) is finite and

positive also.   Q.E.D.

Lemma 5. The function q(t,x,T) (t > 0,x E R,T E %(R)), defined as

I       r
q(t,x,T) = ——J^p(t,x,dy)h(y,t),

is a transition function on (R,<S>(R)) with q(t,x,R) = 1.

Proof. q(t,x,T) is well defined because of Lemma 4. For each t > 0, it is

easy to see that q(t,x, •) is a measure on ^>(R) for each x E R and q(t, -,T) is

a <$(./?)-measurable function for each T G ®(Ä). q(t,x,R) = 1 because

1 r
q(t,x,R) = ^tq} jRp(t'x>dy)h(y,t)

= [l/A(x,0)][^A(x,0)] = A(x,0)/A(x,0) = 1.

Finally,

fRq(s,x,dy)q(t,y,T)

= |j^ /Ä />(*> *, 40 /Ä /»(/.J', <&)xr (*)*(*> r)

= J¡fcQ\JTP(s + *yX,dz)h(z,s + t)

= q(s + t,x,T).   Q.E.D.

By a general theorem (see [5]) there exists a Markov process Yx = (yj,Çx,

91t,1, J^i1) on (i?,®(Ä)) which has q(t,x,T) as its transition function. Moreover

we can regard f1 ■ co because q(t,x,R) = 1. If we consider the joint process

of y1 with the process of uniform motion to the right we obtain a Markov

process Y = (.y,,£,91t,,.Ç) on E = Ä X [0, co) with £ = oo. Its transition

function ß(r,(x,«),^) is given by
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Q(t,(x,u),A) = j^jfA P(t,(x,u),d(y,v))h(y,v)

for every A E 'S).

Lemma 6. Ifr is any nonnegative measurable function on (£,$), then for every

t > 0, (x,u) E E,

fE Q(t, (x, u), d(y, v))r(y, v) = ¡£ Q(t, (0,0), d(y, v))r[(x, u) + (y, v)].   Q.E.D.

Proof. As in Lemma 1(b).

Since Q(t,(x,u),A) is a transition function, we can define a nonnegative

measurable function a on (E, $) to be invariant with respect to Q if Qt q = q

for all t > 0, where

Qtq(x,u) = fE Q(t,(x,u),d(y,v))q(y, v)       ((x,u) E E).

For convenience we call such a function (2/-mvariant. We shall also define a

minimal öfinvariant function to be a Of invariant function a such that for

every g,-invariant function r with 0 < r < a we have r = cq for some

constant c. We shall proceed to show that the constant function 1 is a minimal

(2,-invariant function. First we prove two lemmas.

Lemma 7. If r is a Q,-invariant function, r(0,0) < oo, then for each u > 0,

r(x,u) is a continuous function in x.

Proof. It is clear that r is (2,-invariant if and only if rh is invariant. Hence

the continuity of r(x, u) in x for u > 0 follows from Lemma 2.   Q.E.D.

Regarding the Markov process Y = (y,,£,91t,,/J) as a stochastic process

{yt: t > 0} on (E,<&) with a probability space (S.'éJlt./"^^), we prove

Lemma 8. The stochastic process {yt: t ¡> 0} has stationary independent
increments.

Proof, (a) The increments are stationary because for any A E % 0 < í
<t,

p{o,o)i yt-ys ^a)

= JE Q(s, (0,0), d(y, v)) }e Q(t - s, (y, v), d(z, w))

XX{(z,w)-(y,v)eA}((y'v)>Ml

which by Lemma 6 is
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= fE Q(s, (0,0), d(y, v)) fE Q(t - s, (0,0), d(z, w))Xa (z, w)

= Q(t - s,(0,0),A).

(b) The increments are independent because for any Ax, ..., An_x E % 0

p(o,o){yh-yh G A\>yh-yh ^a2,...,y,n-y,n_x g a„_x}

= fE Q(tx,(0,0),d(zx,wx))fE Q(t2 - tx,(zx,wx),d(z2,w2))JE

'••fE Q(t„ - tn-l>(zn-l,Wn-l),d(zn,Wn))

x X{(z,,Wl)-fe_1,w,._1)e^i_1,I=2,...,/i}((zl'wl)' • • •»(**• »«))

which by Lemma 6 is

= /£ ^.(O.Oj.^ZpW,))^ ß(/2 - tx,(0,0),d(z2,w2)) fE

' • -fE Q(t„ - tn-V(0,0),d(zn,wn))XAl(z2,w2) • • 'XAn_SZn'wn)

= Q(t2-tx,(0,0),Ax)---Q(tn-tn_x,(0,0),An_x)

= p(o,o){yt2 -yhEAx}---Pm{y,n-ytn_x e a„_x).  Q.E.D.

Proposition 1. The constant function 1 is a minimal Q,-invariant function.

Proof. It is easy to see that 1 is ô,-invariant. To show that 1 is also minimal

we let r be another Q,-invariant function on (E,®) such that 0 < r < 1, we

shall prove that r is a constant.

(a) The stochastic process [r(y,): t > 0} forms a martingale, i.e. (i)

E,00)[r(yt)] < co for all t > 0, and (ii) for any s, t (0 < s < t),

E(o,oMyt)\r(yuy-u <s) = r(ys)

almost surely [jP(0>o)]- (0 follows from the boundedness of r. To prove (ii), let

A G o{r(yu): u < s); then

E(0,0)\-XAr(yt)] = Em[XaEy¡r(yt_s)]

= £(0,0)1Xa/£ Q(t - s,ys,d(z,w))r(z,w)^

= E(o,o)[xAf(ys)]

because r is 2,-invariant. The above implies that
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E{o,oMyt)Hyu): « < *} = Ky,) a-s- [^(o,o)]-

(b) The martingale convergence theorem implies that

exists almost surely [P(00)]. For each number a, the event {^ < a) is in the tail

a-field of the random vectors {zn: n = 1,2,...}, each of which is the partial

sum of a sequence of independent identically distributed random vectors

{y¡ -y¡-\',i = 1,2,...} (Lemma 8). By the Hewitt-Savage zero one law, the

event {^ < a] has P^0^-probability zero or one. Since a is arbitrary, rw = k

(a constant) with P^^-probability one.

(c) rx is a closing random variable for the martingale {r(yn): n = 0,1,2,...}

because r is bounded. Thus

k = Emb»Hyo)'rM ■ • ■ >rU)} = Kjj.) a-s- [%»]

for every n = 0, 1, 2.Hence r(y,n) = k a.e. [q(n,0,dy)] and, hence, a.e.

with respect to Lebesgue measure on R. For any (x, u) E E, let « > u be any

integer. Then

r(x,u) = j"  ß(n - «,(x,M),d(y,t;)>(y,i/) = j^ ?(« - w,x,a»(y,n) = k

since i? (n - w.x.dy) has a density with respect to Lebesgue measure.   Q.E.D.

Lastly, h is minimal because if g is another invariant function such that

0 < g < h, then g/h is 0,-invariant and hence g — ch for some constant c by

Proposition 1. This finishes the sufficiency part of Theorem 1.

4. Proof of Theorem 2. Theorem 2 is obtained by solving (a) and (b) of

Theorem 1 for h. Actually we look for positive solutions, since by Lemma 1

the minimal invariant functions h which satisfy h(0,0) = 1 are positive.

Q.E.D.
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