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MINIMAL INVARIANT FUNCTIONS OF THE
SPACE-TIME WIENER PROCESS

BY
KAI YUEN WOO

ABSTRACT. Minimal invariant functions of the space-time Wiener process
are obtained.

1. Introduction. Robbins and Siegmund [9] obtained an integral representa-
tion of any nonnegative invariant function of the space-time Wiener process as

h(x,t) = f_ozo exp(}\x - %)u(d)\)

for some measure p. on (— 00, 0). These functions are also the nonnegative ¢*-
solutions of 9h/dt + i(azh/ 3x2) = 0, (x,7) € (-0, 0) X (0,00) such that
lim,_,oh(x,#) = h(x,0) exists as a function, cf. Lai [6], McKean [7]. However,
such a representation also falls into general considerations in Martin bounda-
ry theory, cf. Meyer [8]. It is the purpose of this paper to establish by
elementary methods that the functions exp(Ax — X¢/2) are minimal invariant
functions of the space-time Wiener process and later on to establish the above
representation by Martin boundary theory. On the other hand, Doob, Snell
and Williamson [4] constructed minimal invariant functions of random walks
on the N-dimensional lattice. Our result will offer an example in the contin-
uous time case.

2. Definitions and main results. We shall follow Dynkin [5] in the definition
and notation of a Markov process. Let X’ = (x,‘,{ I,GJTL,',I;}) be a Wiener
process on the real line R with almost all sample functions continuous. Let
Xt = (x,z, 2, ‘DIL,Z, })’3) be the process of uniform motion to the right on [0, o)
with transition function P(t,x%,T) = xT(x2 + 1) (x* € 0,)). X! and X2
are Markov processes and their joint process X = (X!, X 2) = (x,,$,9M,,R)is
a Markov process on R X [0, c0) with transition function P(t,x, A) generated
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by assignments on measurable rectangles of B(R) X ®([0, o)) given by

P(t,(x",x?), T X T) = xp(x* + z)f T exp( (6 ';x h? ) "

where we write (xl ,xz) for x. This joint process X we shall call the space-time
Wiener process. It is a Markov process with almost all sample functions
continuous. For convenience we denote the state space (R X [0, c0), B(R)
X B([0,0))) of X by (E,®) and any point in E by (x, ). A nonnegative
measurable function 4 on (E, ®) is said to be invariant (for X) if

Bh=nh forallt >0

where

Bh(x,u) = fE P, (x,u),d(y,v))h(y,v)  ((x,u) € E).

An invariant function A is said to be minimal if for any other invariant
function g such that 0 < g < h we have g = ch for some constant ¢. The
main theorems obtained in this paper are the following:

THEOREM 1. Let h be a nonnegative measurable function on (E,®) which
satisfies h(0,0) = 1. Then h is a minimal invariant function if and only if the
following two conditions are satisfied:

(2) Bh(0,0) = 1 forall t > O,

(b) H(x,u) + (y,v)] = h(x,u)h(y,v) for all (x,u), (y,v) € E.

THEOREM 2. The minimal invariant functions h for the space-time Wiener
process which satisfy h(0,0) = 1 are explax — a®u/2) ((x,u) € E) where a
runs through (— o0, o).

The rest of the paper will be devoted to proofs of the above theorems.

3. Proof of Theorem 1. We first prove the necessity part of Theorem 1. We
shall denote by p(¢, x, ') the transition function of the Wiener process on the

real line R.

LeMMA 1. If h is a nonnegative measurable function on (E,®), then for any
t >0,

(@ Bh(x,u) = [ pltxd)h(y,u+1)  (xu) € E),
and

’

(b)  Bhx+yu+v)=[ P@(xu)dew)Hew) + (o)

((x,u),(y,v) € E).
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PROOF.
@ Bh(x,u) = [ P@t,(x,),d(3,0)h(y,)
= Jxeny P A 0)A(0)
= [ X )y, u+ ).
(b)  Ph(x +y,u+v) = fE P(t,(x + y,u + v),d(z, w)) h(z, w)
= fR p(t,x + y,d2)hz,u + v + 1)
= fR plt,x,dz)h(y + zyu + v+ 1)
= [ P((o ), dGw)h(y + 2,0 + w)

= [, P (v u),dzw)H (W) + (70)l. QED.

LEMMA 2. If h is an invariant function, h(0,0) = 1, then h is positive
everywhere and for each u > 0, h(x,u) is finite and is a continuous function in x.

ProoF. (a) Suppose h(x,,u,) = 0 for some (x,,u,) € E. By the invariant
property we have for any ¢ > 0, h(y,u, + 1) = 0 for almost every y on R,
which by the invariant property again implies 4(0,0) = 0, a contradiction.

(b) Let u > 0 be arbitrarily fixed. For any ¢t > 0,

h(x,u) = fR p(t, x,dy)h(y,u + 1)

=i ”\/2]_72 e~ ;rx)z)\/m ""p(z(uyi 3)

1 2
“Var 9 e"p(" 2u+ ;))"(y’“ +0dy

— u-+t uy2—2(u+t)xy+(u+t)x2
- fR \/—t— exP(- D )
1 yz
* Vo + 9 e"p(“ W+ ;))"(y’“ +0)dy.
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Since

1 % B _
fR V2l + 1) exp(—m)h(y,u + 1)dy = h(0,0) =1

and u > 0, h(x, u) is finite for all x € R, and by the dominated convergence
theorem we have lim, _,, h(x,u) = h(xo,u). Q.E.D.

LEMMA 3. Let h be an invariant function, h(0,0) = 1. Let (y,,vy) € E, v,

> 0, be arbitrarily fixed. Let U, = {(y,v) € E: |y — yy| < 1/n} and y, be the
measure on (E,®) such that

Bood) = [, Py, 0,0),d0s0)H(30) (4 € @),

Then
®)0< 1, (U) < o (1= 12,...),
(b) the functions

s = f, L 200, iy, 09

are invariant, and

©0<h, <h
PRrOOF. (a)

ko (Us) = [, P00,(0,0).d(»,0))h(3.0)

- -/;yo-l/n,yo+1/n) p(vo’ 0’ dJ’)h(y, vo)

= 1 B ﬁ )
B (yo=1/n,yo+1/n) \/quo exp( 200 h(y’”o)d}’-

Since by Lemma 2, h(y,v,) is positive and continuous in y, the result follows.

(b) and (c) follow from Lemma 1(b). Q.E.D.

To prove the necessity part of Theorem 1 we assume that 4 is a minimal
invariant function on (E, %) with 4(0,0) = 1. We shall show that (a) and (b)
of Theorem 1 are satisfied.

For (a), Ph(0,0) = 4(0,0) = 1forallz > 0.

For (b), let (yy,vy) € E, vy > 0, be arbitrarily fixed and let U,, Py, and
h,(x,u) be as defined in Lemma 3. By the same lemma the functions 4, are
invariant and satisfy 0 < A, < h. By the minimality of 4 we have h, = ¢, h
for some constants c,. ¢, = ,(0,0) = p, (U,) because (0,0) = 1. Thus
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p'uo(lun) fn h[(x’ Zzy-':v()y, U)] p’l/o(d(y’ U))

1 h{(x,u) + (»,vp)]
N 1, (Up) YU h(y,vp) : o (d(5:0)).

h(x,u) =

The continuity of A(y,v,) in y implies that as n — oo, the right-hand side of
the above equation tends to A[(x,u) + (¥, vy)]/A(g,vp). The left-hand side
being independent of n, we have

h(x,u) = h[(x, u) + ()’o’ Uo)]/h()’o,l’o)-
Since (yy,,) € E is arbitrary, subject only to the condition vy > 0,

h[(xs u) + (y’ U)] = h(x’ u)h(y’ U)

holds for all (x,u), (y,v) € E such that not both u and v are zero. If
u = v = 0, then for any ¢z > 0,

h((x,0) + (»,0)) = h(x + »,0) = Bh(x + ,0)
= [, P(.(x,0).dG w)H( W) + (5,0)]
= [ P xd)H( D) + (5,00 = [ p(t,x,d2)h(z Dh(»,0)

= [ fE P(t,(x,0),d(z,w))h(z, w)]h(y, 0)
= h(x,0)h(»,0).

Thus the necessity part of Theorem 1 is proved.

Next we prove the sufficiency part of Theorem 1. Throughout the rest of this
section we shall assume that A is a nonnegative measurable function on (E, ®)
such that #(0,0) = 1 and conditions (a) and (b) of Theorem 1 are satisfied.
We shall show that 4 is a minimal invariant function.

LEMMA 4. h is an invariant function, finite and positive everywhere on E.
ProoF. (a) For any ¢ > 0, by Lemma 1,
Ph(x,u) = Ph(0 + x,0 + u)

= fE P(2,(0,0),d(z, w)) h[(z, w) + (x,u)]

= fE P(z,(0,0),d(z, w)) h(z, w) h(x, u)
= [Ph(0,0)]h(x,u) = h(x,u).
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(b) From Lemma 2 and above we see that h(x,u) is finite and positive for
all (x,u) € E such thatu > 0. If 4 > 0, then for any v > 0,

h(x,0)h(0,v) = h(x + 0,0 + v) = h(x,v)

for any x. Since A(x,v) and h(0,v) are finite and positive, A(x,0) is finite and
positive also. Q.E.D.

LEMMA 5. The function q(t,x,T) (¢ > 0,x € R,T € B(R)), defined as

q(t,x,T) = m frp(t, x,dy)h(y,1),

is a transition function on (R,B(R)) with q(t,x,R) = 1.

Proor. ¢(t,x,T) is well defined because of Lemma 4. For each ¢ > 0, it is
easy to see that g(¢, x, -) is a measure on B(R) for each x € R and ¢q(¢, -,T) is
a ®(R)-measurable function for each I' € ®(R). q(s,x, R) = 1 because

q(6xR) = ,ﬁ S Pt x,d)h(3,0)
= [l/h(x’ 0)] [}: h(x’ O)] = h(x’ 0)/h(x’ 0) =1
Finally,

J a6 xd)a(t.y,T)

= e Ty PR D) s f e i)

i}:(()(c) (S)))f pls, x,dy) f R pt,y,dz)xp (2)h(z, )

hh(()(c), (;))f pls + ,x,dz)xp (2)h(z, 1)

p(s + t,x,dz)h(z,s + 1)

B h(x,O)fr
=gq(s + t,x,T). QED.

By a general theorem (see [S]) there exists a Markov process Y! = ( e !
!, Pl )on (R, €B(R)) which has g(t, x, T) as its transition function. Moreover
we can regard ¢! = oo because g(1, x, R) = 1. If we consider the joint process
of Y! with the process of uniform motion to the right we obtain a Markov
process ¥ = (3,$,M,, B) on E = RX[0,00) with { = oo. Its transition
function Q(t, (x, u), A) is given by
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0. (s, 4) = 7w [, P65 d(0))(3,0)

forevery 4 € ®.

LEMMA 6. If r is any nonnegative measurable function on (E,®), then for every
t>0,(x,u) €EE,

Sz 0., d030)r(30) = [ 01, 0,0).d(»0))rl(x,) + (30)}. QED.

PrROOF. As in Lemma 1(b).

Since Q(t,(x,u),A) is a transition function, we can define a nonnegative
measurable function ¢ on (E, ®) to be invariant with respect to Q if Q,q = ¢
for all t > 0, where

0,90 u) = [, 065 ), d(30))a(nv)  ((x1) € E).

For convenience we call such a function Q -invariant. We shall also define a
minimal Q-invariant function to be a Q,-invariant function ¢ such that for
every Qinvariant function r with 0 < r < ¢ we have r = ¢q for some
constant c. We shall proceed to show that the constant function 1 is a minimal
O -invariant function. First we prove two lemmas.

LEMMA 7. If r is a Qinvariant function, r(0,0) < oo, then Jor each u > 0,
r(x,u) is a continuous function in x.

PROOF. It is clear that r is Q,-invariant if and only if r4 is invariant. Hence
the continuity of r(x,#) in x for 4 > 0 follows from Lemma 2. Q.E.D.

Regarding the Markov process Y = ( Vs $s ‘BIL,,I}’,) as a stochastic process
{5t > 0} on (E,®) with a probability space (2,91, P(0)), we prove

LEMMA 8. The stochastic process { Y;:t > 0} has stationary independent
increments.

PROOF. (a) The increments are stationary because for any 4 € B,0< s

<y

Pooy(y =5 € 4)
= fE Q(S’ (0,0),d(y,v)) fE Q(t -9, (y’v)sd(z’ W))

x X{(Z»W)-(y,u)EA}((yy v),(z,w)),

which by Lemma 6 is
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= [, 06(0,0,d(»,0)) [, Ot = 5,(0,0),d(z, W)x 4z W)
= Q(t - 5,(0,0),4).

(b) The increments are independent because for any 4,,...,4,_, € %, 0

<H< << ¢y,
P(Oo){y,2 Yy EALY, —y, €Ay =Y, € A}
= [ 0(1,(0,0),d(z,m)) fE 0ty = 1, (21, ), d(zp W)
[ Oty = tut G W) A2 ,))

X X{(ziwi)=(zicy Wim) ) EAi_1i=2, . .. ,n}((zl W ) (zn’ wn))
which by Lemma 6 is
= [, 0(,(0,0,d(z;,m)) [ 0t = 1,(0,0),d(z3,wy)) [

[ Oty = 101, (0,0), 4G W)X 4, G2 W2) X, s )

= Q(tz - tl,(0,0),Al) e Q(tn - tn_l,(0,0),An_l)
= P(O,O){ylz - ytl (S Al} vee P(O,O){yf,,— y’n—l € An—l}‘ Q.E.D.

PROPOSITION 1. The constant function 1 is a minimal Q,-invariant function.

ProoF. Itis easy to see that 1 is Q,-invariant. To show that 1 is also minimal
we let r be another Q,invariant function on (E,®) such that 0 < r < 1, we
shall prove that r is a constant.

(a) The stochastic process {r(y,):¢ > 0} forms a martingale, ie. (i)
Eolr(3)] < o forall > 0, and (ii) for any s, 1 (0 < s < 9),

Eoo){r(»)Ir(3): u < s} = r(x)

almost surely [P q)]. (i) follows from the boundedness of r. To prove (i), let
A € ofr(x): u < s}; then

E(oo)[XA’ ()’,)] = E(oo)[XA r ()’;- )
= E0) [XA fE ot — s,x,d(z,w)r(z, w)]

= E(o,o)[XA r(y)l

because r is Q,-invariant. The above implies that
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Eo{r()lr(n): u < s} = r(y) as. [Pgg))-

(b) The martingale convergence theorem implies that
. . n
% = Jim ) = Jim e[ £ =)

exists almost surely [P(o,o)]- For each number g, the event {r, < a} is in the tail
o-field of the random vectors {z,: n = 1,2,...}, each of which is the partial
sum of a sequence of independent identically distributed random vectors
{»=y-13i = 1,2,...} (Lemma 8). By the Hewitt-Savage zero one law, the
event {r, < a} has Pyg,0)-probability zero or one. Since a is arbitrary, r, = k
(a constant) with P )-probability one.

(¢) ,, is a closing random variable for the martingale {r(y,): n = 0,1,2,...}
because r is bounded. Thus

k = E){tolr(70),r(n), - -5r(p)} = r(3) - as. [Fgg)]

foreveryn =0, 1,2, .... Hence r(y,n) = k a.e. [g(n,0,dy)] and, hence, a.e.
with respect to Lebesgue measure on R. For any (x,u) € E, let n > u be any
integer. Then

(o) = [ 00— 1050, (0) = [} gl = wx,d)r(mm) = k

since g(n — u, x,dy) has a density with respect to Lebesgue measure. Q.E.D.

Lastly, h is minimal because if g is another invariant function such that
0 < g < h, then g/h is Qinvariant and hence g = ch for some constant ¢ by
Proposition 1. This finishes the sufficiency part of Theorem 1.

4. Proof of Theorem 2. Theorem 2 is obtained by solving (a) and (b) of
Theorem 1 for h. Actually we look for positive solutions, since by Lemma 1
the minimal invariant functions » which satisfy h(0,0) = 1 are positive.
Q.E.D.
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